Attosecond experiments involving focusing of attosecond light pulses can suffer from a spread of the attosecond radiation both in space and time due to optical aberrations. We present a detailed numerical study of the distortions induced in the most common focusing geometries that make use of parabolic, spherical, toroidal and ellipsoidal mirrors. We deduce the consequences on the pulse duration and possible issues that could arise in applications of attosecond pulses. This should serve as a guideline for setting up attosecond focusing optics.
Introduction
Attosecond light pulses in the extreme ultraviolet (XUV) range have been a very active research field since their first observation in 2001 [1, 2] . Such pulses can be generated by the interaction between an intense femtosecond laser pulse and a gaseous or solid target. This process is known as high harmonic generation and has led to a variety of experiments in the past ten years. On one hand there are the so-called in situ experiments which first consist in changing the conditions of the interaction in the generation medium. This is then followed by a lensless measurement in order to observe the changes of the light properties in the far field [3, 4] . On the other hand, attosecond pulses can be used to probe another medium. The induced interaction enables one to characterise the temporal profile of the attosecond emission [5, 6] , to study nonlinear XUV processes [7] or to perform electronic spectroscopy [8, 9] . In all these cases, focusing the attosecond radiation onto the target is a compulsory requirement. This is generally fulfilled by using a near-normal incidence spherical multilayer mirror [1, 6, 8, 9] or a grazing incidence toroidal mirror [2, 5, 10] .
However, as all focusing optics, these mirrors can induce geometric aberrations, that is defaults on the focused beam due to the geometric shape of the mirror. Usually such aberrations are studied in the case of monochromatic beams [11] regarding the distortions that they induce on the focal spot shape, and thus on the resolution of imaging systems. However, when used to focus broadband ultrashort radiation, aberrations can have an impact on the spatiotemporal shape of the light pulse as well. More precisely, they can lead to so-called space-time coupling [12] , that means that the pulse profile is spatially dependent. This can dramatically deteriorate the shape of the beam and strongly increase the pulse duration at the focus. Both effects can significantly compromise the quality of data obtained in such experiments. Such phenomena have been fully studied in the case of visible-IR femtosecond pulses [13] [14] [15] . This becomes even more critical in the attosecond regime as shown in a previous article [16] . However, this study was based only on diffraction theory in the specific cases of attosecond pulses reflected off near normal incidence parabolic and spherical multilayer mirrors.
In this paper, we present a full study of the distortions induced by focusing optics on attosecond light pulses. First, we describe the three tools used for our analysis, namely a fully geometric approach, a diffractive approach, and an approach based on the study of the duration of aberrated pulses. Each of these tools allows one to make distinct and complementary conclusions. Second, we study a variety of focusing geometries covering the full range of optics used to focus attosecond pulses, i.e. toroidal, spherical, parabolic and ellipsoidal mirrors. Finally, we conclude on the consequences of the induced distortions on the pulse duration.
Approaches of the problem
Aberrations arise from variations of optical path lengths across the beam. Equivalently, these path lengths variations can be considered as elementary time delays between different points in the beam. Thus a logical starting point is to evaluate the arrival times across the pulse at the focal plane.
Geometric approach
In order to simulate the change in path lengths in the focal spot induced by attosecond optics, we performed ray-tracing calculations. We illustrate our approach in Fig. 1 by considering the case of a toroidal mirror. This mirror has a focal length of 375 mm for a grazing angle of 15 • , and a size of 200 × 40 mm. The mirror is used with a magnification of 0.6, so that the distance between the source and the mirror equals 1 m, and the one between the mirror and the paraxial focus equals 600 mm. Rays are emitted by a point source and hit the mirror surface in an equally spaced manner, see Fig. 1(a) . The focusing quality can be visualized by mapping the cross-section of the individual rays onto a plane perpendicular to the optical axis, as shown in Fig. 1(b) . However, such a spot diagram only provides information about the shape of the focal spot, and not about the change in optical path lengths. As the path length of each ray from the source to the spot diagram plane is known, this can be converted into a temporal delay of the rays with respect to each other. By adding this temporal dimension to the usual 2D spot diagram, one obtains a 3D spot diagram (see Fig. 1 (c) ) representing the spatio-temporal shape of the focused pulse.
As it becomes apparent in Fig. 1 (b-c), a grazing incidence toroidal mirror introduces coma to the beam in the chosen geometry, manifested by the typical tail-shape of the focal spot. In addition, the spatio-temporal shape appears to be composed of two different bunches of rays with either short or longer path lengths, corresponding to two different groups of arrival times. From Fig. 1(d) , it can be understood that the long path lengths correspond to rays reflected off the side of the mirror closer to the source while the short path lengths are generated by reflection off the opposite side. The maximum time delay between rays is as large as 600 fs, which exceeds the attosecond timescale by several orders of magnitude.
However, the flux coming from the edges of the mirror is in general much weaker than the flux from the centre. In order to simulate a more realistic scenario, we assume that the attosecond source emits a beam with a gaussian profile [17] . As described in Fig. 2 (a) and in Ref. [16] , a gaussian beam can be represented as a punctual source emitting rays of light with an angularly gaussian intensity profile as long as one remains far from the Rayleigh range. Therefore, once the beam divergence and the wavelength are set, one can attribute an intensity value to each optical ray emitted by the punctual source. One can then deduce the distribution of light on the mirror surface for each wavelength, as shown in Fig. 2 (b) . In that case, the chosen spectrum is gaussian centered at 75 eV with a full width at half maximum (FWHM) of 30 eV and the beam divergence equals 6 mrad FWHM at 75 eV. It becomes clear that the flux is negligible on the major part of the mirror. Thus for all following analysis, we only take into account rays carrying a flux larger than 1% of the maximum flux F max , that is the rays impacting the inner part of the white dashed circle in Fig. 2(b) . Consequently, the maximum time delay between rays has decreased to 15 fs, as shown in Fig. 2(c) . The majority of the flux is now concentrated at the peak of the coma-tail.
Diffractive approach
The geometric approach is a useful tool to gain insight into the spatio-temporal shape of the pulse. However, it does not provide information about the electric field around the focus. In order to take into account effects arising from wave optics, we include diffractive calculations to our ray tracing simulations. Fig. 4 . Evolution of the angle of incidence of the rays (main pannel) and of the polychromatic flux (smaller panel), at the surface of (a) a focusing multilayer mirror for a 1 • field angle, and of (d) a toroidal mirror in a 2 f − 2 f geometry for a grazing angle of 11.5 • . (b) Reflectivity and phase of the broadband multilayer mirror described in Ref. [21] for an angle of incidence of 0 • and 5 • . (c) Reflectivity and phase of a platinum mirror for an angle of incidence of 78.5 • , that is a grazing angle of 11.5 • , and of 45 • .
The general idea is that at distances from the focal point that are large compared to the focal length, the rays are strongly angularly spread. Therefore they do not interfere with each other. Diffraction effects are then negligible, and the pulse can be correctly described by geometric optics. In addition to the gaussian spatial profile, we first add an elementary electric field, i.e. a spectrum and a spectral phase, to each ray emitted by the source. It is important to notice that the initial pulse at the source exhibits no spatio-temporal distortions. After reflection off the mirror, we deduce the electric field distribution at the intersection of the rays with a plane where the beam is highly defocused. From here, we then propagate the field back to the focal point by using the diffraction formula of Rayleigh-Sommerfeld [11] . The overall procedure is described in more detail in Ref. [16] . Comparing the results with the geometric approach, as shown in Fig. 2 (c-d), reveals that the overall shape is preserved, notably the tail-shape and the two groups of arrival times that are characteristic for coma. In addition, the diffractive calculations reveal more details about the pulse shape such as interference effects. These features were hidden in the geometric approach.
Space-time coupling and duration of aberrated pulses
The first two methods give a detailed description of the three dimensional pulse shape at the focus. Since they describe the picture of the pulse in a more qualitative way, we now try to study the strength of the aberrations by estimating a pulse duration. In that scope, we first spatially integrate the 3D set of data, see Fig. 2 (e). It thus becomes possible to calculate a global duration of the resulting temporal signal [12, 18] . This duration will increase under the influence of space-time coupling. In mathematical terms, a pulse is said to exhibit space-time coupling if the spatio-temporal profile of the electric field cannot be represented as a product of a purely spatial function g(x, y) and a function depending only on time, or equivalently on frequency f (ω), see Eq. (1):
According to the approach used in Ref. [19] , the global duration Δt G of an arbitrarily complex pulse, defined as the RMS duration of the spatially integrated pulse I G (t), can always be decomposed into different contributions:
The different terms in Eq. (2) have the following meaning:
i) Δt FT G is the global Fourier Transform limit of the pulse. For a given spectrum, this duration corresponds to the shortest possible pulse duration, which in the example depicted in Fig. 2 (e) equals 26 as. It is reached when no space-time coupling is present and the spectral phase is linear.
ii) τ SP , determined by the spectral phase, represents the pulse stretch induced by phenomena such as temporal chirp or higher-order dispersion.
iii) Amplitude coupling, represented by τ AC , is present when |E(x, y, ω)| cannot be written as | f (ω)||g(x, y)|, that is when the spectrum depends on space.
iv) Phase coupling, represented by τ PC , is present when the phase of E(x, y, ω) cannot be expressed as Ψ(x, y) + Φ(ω). This is equivalent to saying that the group delay, which is the derivative of the phase with respect to ω, is not only dependent on frequency.
One asset of Eq. (2) is that it is very general. It can be applied to aberrated pulses obtained via the diffractive approach in any focusing geometry. 
Simulation of various focusing geometries
There are mainly two ways to focus an attosecond pulse: near-normal incidence multilayer mirrors and grazing incidence mirrors. Thus we simulate the pulses focused by both of these categories. In order to compare the different focusing geometries, we use the same initial conditions for all the following simulations. More precisely, we consider a gaussian XUV spectrum centered at 75 eV with a full width at half maximum of 30 eV. A group delay dispersion of 6000 as 2 /rad is also added to simulate the attochirp [5] . The resulting pulse duration at the source is 118 as RMS, 277 as FWHM. The attosecond source emits a gaussian beam, the angular profile of which has a FWHM of 3 mrad at 75 eV (5.3 mrad full width at 1/e 2 ).
Parabola and spherical mirror
We first consider the case of a parabola. This optic is mainly used to focus collimated beams, but can also be used to focus beams emitted from a source at a finite distance [20] . We choose to consider the latter case. As depicted in Fig. 3 , the chosen focal length f equals 100 mm, and the mirror diameter equals one inch. The attosecond source is placed 3 m away from the mirror with a field angle of 0 • or 1 • . It is important to check that the response of the multilayer coating will remain homogeneous throughout the mirror surface. Indeed, the complex reflectivity of a multilayer stack depends on the angle of incidence of the beam that can slightly vary locally. As shown in Fig. 4 (a) in these geometries, the angle of incidence of the rays on the mirror can vary from 0 • to 5.5 • . If considering a realistic broadband coating suitable for attosecond pulses [21] , it turns out that neither the reflectivity nor the phase of the mirror will be affected by such a small deviation of the angle of incidence, see Fig. 4(b) . Therefore, one can neglect the influence of the coating, and we now consider that only the geometric shape of the substrate will have an influence on the focused pulse. First, the source is placed on the mirror axis, i.e. at 0 • field angle. Figure 3 (a) represents the spatio-temporal evolution of the pulse intensity in this geometry. The pulse appears to be nicely focused. However, as revealed by a geometric study in Fig. 5(a) , the delays of the rays across the beam can vary up to 1 fs. We therefore expect some visible distortions of the attosecond structure. This is confirmed by the diffractive approach in Fig. 5(a) . Here, in order to emphasize the underlying structure of the pulse, we plot the modulus of the attosecond electric field instead of its intensity. One can see two wings arriving before the core of the pulse. The origin of these delays comes from the residual spherical aberration in this geometry. Indeed, a parabola will be rigorously stigmatic if the source is moved to infinity. We now consider that the geometry has a 1 • field angle. As shown in Fig. 3(b) , the shape of the pulses looses its symmetry of revolution around the propagation axis. At short distances around the focus, a double pulse front appears. As seen in Section 2, this can be attributed to coma aberration. Moreover, the detailed evolution described in Fig. 5 was hidden in the 3D spot diagram. This highlights the importance of combining the diffractive and geometric approaches.
As a next step, we study the aberrations induced by a spherical mirror used in the same focusing geometries as above. Figure 6 shows some striking differences compared to the parabolic mirror. In both geometries of 0 • and 1 • field angles, the main pulse front is followed by an isolated pulse before the paraxial focus. After the focus however, only one spherical pulse front is visible. A basic explanation can be found using the geometric approach. Rays reflected off the centre of the mirror carry the maximum flux, and thus correspond to the red spots on the spot diagrams of Fig. 7 . Rays reflected off the edges of the mirror carry a weak flux and are represented by the blue points in the spot diagrams. It clearly appears that the latter rays are delayed with respect to the ones reflected off the centre of the mirror. They experience longer optical paths due to the spherical shape of the mirror. Before the paraxial focus, these delayed rays are focused behind the main spherical front. This leads to the creation of an intense pulse visible in the diffractive calculation in Fig. 7 (a) and 7(c). This turns out to be the most intense area of the whole pulse, a feature not accessible in the geometric approach. On the contrary, at the paraxial focus these rays diverge quickly while the rays coming from the center of the mirror are properly focused, as indicated in Fig. 7(b) and 7(d) . In the case of a 1 • field angle, the typical double pulse front induced by coma is superimposed to the evolution occurring at 0 • . This coma aberration increases with the field angle. However for larger angles, astigmatism becomes the dominant aberration.
Toroidal and ellipsoidal mirrors
Grazing incidence mirrors constitute the other well spread category of optics used to focus attosecond pulses. These grazing mirrors are usually chosen to have a toroidal shape. We consider a toroidal mirror with a size of 200 × 40 mm, a focal length of 750 mm, an optimal grazing angle of 11.5 • and radii of curvature equal to 7225 mm and 299 mm. In Fig. 8 , we study three different geometries: the 2 f − 2 f geometry, that is a magnification of 1, a magnification of 0.5, and the 2 f − 2 f geometry with a 0.1 • misalignment of the grazing angle. As in the case of near-normal incidence multilayer mirrors, we first study the impact of the coating on the pulses reflected off the toroidal mirror. Due to total reflection, grazing incidence mirrors always exhibit a high and flat reflectivity and a linear spectral phase, as shown in Fig. 4(c) in the case of a platinum coated toroidal mirror in the 2 f − 2 f geometry. Moreover, the variation of the incidence angle of the rays on the mirror surface is by far too small to induce any changes of the coating response in space. Therefore, the influence of the coating on the reflected pulses can be neglected.
The 2 f − 2 f geometry appears to nicely focus the pulse. In order to check the quality of this focusing, we perform a geometric and diffractive study at the focus and compare it to the case of an ellipsoidal mirror used in the same configuration. Indeed the latter is known to be perfectly stigmatic. In both cases, the diffractive approach results in diffraction limited pulses, as depicted in Fig. 9(a-b) . Interestingly, the geometric study shows differences between the two situations. In the case of the ellipsoidal mirror, we observe a geometrically perfect focusing to a single point in the spot diagram in Fig. 9(a) . In contrast, the focus obtained with the toroidal mirror is deformed by higher-order aberrations, with accumulated delays varying up to 40 as. These complex geometric variations are not visible in the pulse profile obtained by the diffractive approach. Their spatial extension and temporal delays remain smaller than the corresponding diffraction spot size and the chosen pulse duration. Consequently, when decreasing the duration of the initial pulse down to a few tens of attoseconds, the geometric delays would become significant. Moreover, one should keep in mind that the depicted spot diagrams only take into account the rays carrying more than 1% of the maximum flux. We neglect the rays reflected off the periphery of the mirror. On the other hand, if the divergence of the source is increased, the role of the peripheral rays will become significant. In order to illustrate this point, we depict in Fig. 9 (c) the 3D spot diagram taking into account the rays coming from the full surface of the mirror, in analogy with Fig. 1(c) . The obtained structure is similar to the one depicted in Fig. 9(b) , but its dimensions are much larger. The beam has a spatial extension of a few hundreds of microns, and the relative delays between the rays are of several femtoseconds. Thus, the proper use of a toroidal mirror in a 2 f − 2 f geometry is subject to several conditions on the pulse duration and the divergence of the source. In the following focusing geometries, the toroidal and ellipsoidal mirrors will have similar responses. For that reason, we will only treat the case of the toroidal mirror.
It is not always convenient to use a toroidal mirror in a magnification of 1. Consequently, we now consider a magnification of 0.5. As shown in Fig. 8(b) and in more detail in Fig. 10(a) , the obtained pulses are distorted by a strong coma aberration inducing the characteristic double pulse front. This focusing geometry is close to the one described in Figs. 1 and 2 . More generally, the larger the deviation from the 2 f − 2 f geometry, the greater the coma aberration.
In the last case, as depicted in Fig. 8(c) , we come back to the 2 f − 2 f geometry. We consider the mirror to be set at a grazing angle of 11.4 • instead of its optimal value of 11.5 • . It becomes obvious that the pulse is distorted by a strong astigmatism, the beam being focused in two orthogonal planes located 25 mm before and after the paraxial focus. Between these two positions, the pulse profile exhibits the well-known saddle-shaped behavior [19] . The same evolution is retrieved with the geometric approach, see Fig. 10(b) . In the present case, we chose a deviation of the grazing angle equal to 0.1 • . The larger this deviation, the stronger the astigmatism. Therefore, in practice the choice of a focusing optic may not only depend on the magnitude of the distortions it induces, but also on its ease of alignment.
In order to summarize the results obtained via the geometric and diffractive approaches, we depict in Fig. 11 an overview of the different aberrations in the studied focusing geometries. The colormap indicates the qualitative strength of the aberrations. However, one should keep in mind that in practice their magnitude strongly depends on the numerical aperture of the beam and the pulse duration. In other words, a loosely focused long pulse will experience weaker spatio-temporal distortions than a tightly focused short pulse.
Consequences on the space-time structure and the pulse duration
As a last part of our analysis, we discuss the consequences that aberrations can have on experiments involving attosecond pulses. In order to do so, we use the decomposition of the pulse duration described in Section 2 as a tool to illustrate our discussion.
Among all the obtained spatio-temporal profiles at the focus, one can distinguish three main patterns. The pulse is: i) either close to the diffraction limit, when focused by a toroidal or ellipsoidal mirror in a 2 f − 2 f geometry, ii) or distorted by a curvature of the pulse front in the presence of spherical aberration or astigmatism, iii) or split into a double pulse front in the presence of coma.
In Fig. 12 , we analyse these situations in more detail. In each case, we depict the spatiotemporal profile of the pulse, its spectral properties in three points, and the decomposition of its duration.
First of all, we consider the pulse being focused by the ellipsoidal mirror in the 2 f − 2 f geometry, as described in Fig. 9(a) . This case is known to be aberration-free. Thus, the pulse properties are expected to be identical across the beam, as confirmed by Fig. 12(a) . When plotting the local spectra and group delays at three points in the beam, it appears that none of these quantities vary in space. Moreover, one can notice the linear increase of the instantaneous frequency and the group delay due to the attochirp. This interpretation is confirmed by the decomposition of the pulse duration. Apart from the bandwidth limit Δt FT G , the only nonzero contribution is τ SP which represents the variations of the spectral phase. Indeed, the only phenomenon increasing the pulse duration is the intrinsic attochirp, which is caused by the generation process itself and is not related to the focusing geometry. If this chirp rate is minimized, the shortest pulse duration and high XUV intensities can be reached, which represents the optimal pulse parameters for experiments. In the second scenario, we consider the pulse at the paraxial focus of the spherical mirror with zero field angle, as shown in Fig. 7(b) . The introduced spherical aberration leads to a curvature of the pulse front. This means that the pulse has the same shape everywhere but exhibits different arrival times across the beam. The spectrum is spatially independent, but the group delay experiences an absolute offset changing in space. The different contributions to the pulse duration reflect these conclusions. Since at any given point, the local duration remains the same as in the previous situation, Δt FT G and τ SP do not vary. On one hand, since the shape of the spectrum is independent of space, τ AC has to be zero. On the other hand, since the group delay varies in space, τ PC cannot be zero. Therefore the pulse duration is increased. As a consequence, this could decrease the temporal resolution in attosecond experiments. As an example, such a distortion might lead to a bias when estimating the emission time of electrons released from different atomic shells [8, 9] . Finally, we consider the pulse being focused by a toroidal mirror with a magnification of 0.5. In this geometry, the coma aberration leads to the creation of a double pulse front. Strong oscillations are visible on both the spectrum and the group delay. They originate from spectral interferences between the two time-delayed pulse fronts. Since the spectrum and the group delay are spatially dependent, both τ AC and τ PC are large. In term of applications, we imagine potential issues which could arise with such distortions. For example, when used in pump probe experiments where the attosecond pulse acts as the pump, such a distortion could result in an unwanted double excitation. Also, for spectroscopy experiments which do not require attosecond resolution, but instead make use of the ultrabroad spectrum, the strong modulations of the latter could become problematic. In both cases, this could lead to ambiguities in the interpretation of the obtained data.
One should notice that, with the chosen parameters, the global pulse duration Δt G is increased up to a factor of 4 compared to the perfect case of the ellipsoidal configuration. This highlights the strong sensitivity of attosecond pulses to aberrations occurring in typical geometries.
Conclusion
In conclusion, we presented tools developed to analyze the impact of optical aberrations when focusing attosecond pulses. We used them to study the most common focusing geometries in attosecond experiments, i.e. geometries including parabolic, spherical, toroidal or ellipsoidal mirrors. We have shown that in these geometries, aberrations can lead to important pulse distortions. Moreover, those can be amplified by even small misalignments of the optics. This can significantly deteriorate the pulse properties in space and time, leading to, among others, a decrease of peak intensity and variations of the arrival time of the pulse across the beam.
We considered that a single mirror was used to focus the attosecond pulse, which is mostly the case. However, it would be possible to extend this study to optical systems made of several focusing mirrors. The attosecond pulses would therefore accumulate aberrations of each optic, which would make the alignment of the system even more critical.
In the end, aberrations have a visible impact on the pulse when the induced geometric distortions exceed the diffraction spot size. It is possible to obtain distortion-free pulses by placing an aperture before the mirror, which however implies a reduction of the total flux.
We hope that this study will allow the scientific community to identify potential issues arising when focusing attosecond pulses.
